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Abstract  Nonlinear system identification under bounded in-
terferences remains a challenging problem when the noise bound
is unavailable a priori. This paper presents a recursive kernel-
based set-membership identification algorithm that combines
the ellipsoidal outer-bounding (EOB) set-membership method
with kernel learning to address this issue. Instead of identifying
the nonlinear system directly in the input space, the proposed
method exploits a reproducing kernel Hilbert space (RKHS),
where the nonlinear estimation problem is represented as a linear
regression model. Furthermore, a recursive data-driven proce-
dure is introduced to estimate the noise bound simultaneously
with the model parameters. Theoretical convergence properties
of the proposed algorithm are determined. The performance of
the proposed algorithm is validated through numerical simula-
tion.
Keywords  ellipsoidal outer-bounding, kernel methods, non-
linear system identification, online noise bound estimation, set-
membership identification

1. Introduction

The identification of nonlinear dynamical systems is a fun-
damental problem in systems and control, with applications
ranging from industrial process and robotics to communica-
tion systems and biomedical engineering. The objective is to
construct mathematical models from measured input-output
data that precisely reproduce the system dynamics. Although
linear identification methods are well established, they are
generally inadequate for modeling systems with nonlinear
dynamics.
To overcome these limitations, over the past decades nu-
merous nonlinear system identification methods have been
developed. Representative examples include block-oriented
structures such as Hammerstein [1], [2] and Wiener [3], [4]
models, benchmark nonlinear systems [5], as well as neural
networks, radial basis function networks, and kernel-based
learning techniques. Among these approaches, kernel meth-

ods have gained significant attention due to their ability to
transform nonlinear estimation problems into linear ones in a
reproducing kernel Hilbert space (RKHS).

The main idea of kernel learning is to map the input data
into RKHS [6], [7], where nonlinear relationships can be
represented through linear models without explicitly com-
puting the feature mapping [8]. This property has led to the
development of numerous kernel adaptive algorithms, includ-
ing kernel recursive least squares (KRLS) [9], kernel affine
projection algorithms (KAPA) [10], and kernel conjugate
gradient (KCG) algorithms [11].

Most kernel adaptive algorithms are derived from stochas-
tic optimization principles and assume that the statistical
properties of the measurement noise are known [12], [13]. In
practice, however, such information is rarely available, par-
ticularly in industrial environments where disturbances are
often deterministic, time-varying, or poorly characterized.

An alternative is a set-membership identification (SMI)
method, which relies on the assumption that the disturbances
are unknown but bounded rather than statistically charac-
terized [14], [15]. Under this assumption, the objective is to
determine the set of all parameter vectors that are consis-
tent with the available measurements and the bound of the
noise. The feasible parameter set is commonly represent-
ed by polytopes or intervals. Although these descriptions
provide guaranteed parameter uncertainty bounds, their com-
putational complexity increases rapidly with the number of
measurements and model parameters.

To reduce this computational overhead, an ellipsoidal approx-
imations have been proposed as an efficient alternative. In
particular, the ellipsoidal outer-bounding (EOB) algorithm
recursively encloses the feasible parameter set within an el-
lipsoid, providing a compact uncertainty description with low
computational complexity. Therefore, EOB algorithms have
become an attractive solution for bounded-error identifica-
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tion problems. However, existing EOB algorithms have been
developed primarily for linear systems [16]–[19].
Recently, some ellipsoidal set-membership algorithms have
been extended to nonlinear systems [6], [20]. These methods
construct ellipsoidal regions to represent the uncertainty
associated with the estimated parameter set. However, they
generally assume that the noise bound is known a priori,
an assumption that is often unavailable in real applications.
Moreover, the size of the ellipsoid defining the uncertainty
region is not explicitly addressed in these methods.
A comparison with representative existing methods, includ-
ing KEOB [20], SM-KRLS [6], and the noise-bound estima-
tion method reported in [21], is summarized in Tab. 1. The
comparison highlights the main methodological differences
between these methods and the proposed algorithm.
A remaining challenge in ellipsoidal set-membership identifi-
cation algorithms for nonlinear systems is the lack of knowl-
edge of the noise bound. In many cases, this quantity is un-
available and must be estimated directly from the observed
data. Although the noise-bound estimation method in [21]
addresses the estimation of the disturbance bound in the case
of overestimation for linear systems, the effects of both over-
estimation and underestimation of the noise bound need to be
considered and extended to nonlinear systems.

1.1. Main Contributions

This paper proposes a recursive kernel-based ellipsoidal outer-
bounding algorithm for nonlinear system identification under
unknown-but-bounded disturbances. The proposed approach
integrates kernel learning with set-membership identification
to provide accurate parameter estimation.
The main contributions of this paper can be summarized as
follows:
• A kernel-based extension of the ellipsoidal outer-bounding

algorithm is proposed for nonlinear system identification,
where the nonlinear identification problem is transformed
into a linear regression problem in the RKHS feature space.
• An ellipsoidal uncertainty region is recursively developed,

and its size is minimized to provide a more precise repre-
sentation of the uncertainty associated with the estimated
parameters.
• Since the noise bound is often unknown in practical appli-

cations, a recursive data-driven procedure is introduced to
estimate the noise bound jointly with the model parame-
ters, eliminating the need for prior knowledge of the noise
bound.
• The convergence properties of the proposed identification

algorithm are established theoretically.
• The effectiveness of the proposed algorithm is demonstrat-

ed through numerical simulations on nonlinear benchmark
systems, with comparisons against existing ellipsoidal al-
gorithms for nonlinear identification.

The remainder of this paper is organized as follows. Section 2
formulates the nonlinear identification problem. Section 3
presents the proposed algorithm along with the recursive

et
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Fig. 1. System structure diagram.

noise-bound estimation procedure. Section 4 provides nu-
merical results illustrating the performance of the proposed
method. Finally, Section 5 concludes the paper.

2. Problem Formulation and Notation

Consider a nonlinear system represented by the following
input-output equation (see Fig. 1):

yt = f
∗(ϕt) + et , (1)

where {yt} denotes the system output sequence andϕt ∈ Rm
is the regression vector constructed from the current and past
input-output samples, defined as

ϕt =



ut−1
...

ut−p

yt−1
...

yt−q


, (2)

with m = p + q, where {ut} represents the system input
sequence.
The function f∗ is an unknown nonlinear mapping that char-
acterizes the system dynamics, whereas {et} denotes an un-
known noise sequence.
To enhance the interpretability of the model, the function f∗
is expressed as the sum of a linear component and a nonlinear
component according to

f∗(ϕt) = ϕ
⊤
t θ
∗ + g∗(ϕt) , (3)

where θ∗ ∈ Rm is an unknown parameter vector associated
with the linear part and g∗(·) represents an unknown nonlinear
function associated with the nonlinear part.
In this paper, we assume the noise sequence {et} is bounded,
i.e., there exists a constant δe such that

|et| ¬ δe, ∀ t ∈ {1, . . . , N} , (4)

where N denotes the number of available data samples.
Based on the parametrization and definitions introduced
above, the proposed identification algorithms and their analy-
sis are presented in the following section.
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Tab. 1. Comparison of the proposed ellipsoidal identification algorithm with representative existing methods.

Feature KEOB [20] SM-KRLS [6] Noise-bound
estimation [21]

Proposed
algorithm

System class Nonlinear Nonlinear Linear Nonlinear
Ellipsoidal uncertainty-region minimization × × ✓ ✓

Noise-bound estimation × × ✓ ✓

Convergence of parameter estimates ✓ ✓ × ✓

3. Kernel-based Set-membership
Identification Algorithm

3.1. Kernel Methods

Kernel-based learning provides an effective framework for
modeling nonlinear systems by implicitly mapping the origi-
nal input space into RKHS, where nonlinear relationships can
be represented through linear operations. This transformation
is achieved through a feature map

ψ : U → H , (5)

whereH denotes a Hilbert space of functions and ψ(·) maps
the input data into a possibly infinite-dimensional feature
space.
In practice, the feature map is not explicitly computed. Instead,
the inner products between feature vectors inH are evaluated
through a kernel function

κ : U × U → R ,

satisfying

κ(u1, u2) =
〈
ψ(u1), ψ(u2)

〉
H
, u1, u2 ∈ U . (6)

This property enables the implicit manipulation of nonlinear
mappings without explicitly constructing the feature vec-
tors. Consequently, kernel methods extend linear estimation
techniques to nonlinear problems while avoiding the com-
putational burden associated with high-dimensional feature
spaces.
Several kernel functions can be employed in practice, includ-
ing the linear kernel κ(u1, u2) = ⟨u1, u2⟩, the polynomial
kernel κ(u1, u2) = (α + ⟨u1, u2⟩)q, where α ­ 0 and q ∈
N∗, the sigmoid kernel κ(u1, u2) = tanh(α⟨u1, u2⟩ + β),
the Laplacian kernel κ(u1, u2) = exp(−∥u1 − u2∥/σ),
where σ > 0, and the Gaussian radial basis function kernel
κ(u1, u2) = exp

(
−∥u1 − u2∥2/2β2

)
.

The Gaussian kernel is the most widely adopted owing to its
universal approximation capability and its effectiveness in
capturing highly nonlinear relationships.
A reproducing kernel is formally defined as follows.
Definition 1. A function

κ : U × U → R

is called a reproducing kernel associated with a Hilbert space
H of functions defined on U if it satisfies the following
properties:

• For every u ∈ U ,

κ(u, ·) ∈ H .

• For every f ∈ H and every u ∈ U , the reproducing
property holds:

f(u) =
〈
f, κ(u, ·)

〉
H
. (7)

The second condition is referred to as the reproducing prop-
erty, as it allows the evaluation of any function f ∈ H at a
point u through an inner product in the Hilbert space.
The existence of a unique RKHS associated with a positive
definite kernel is established by the following fundamental
Theorem.
Theorem 1 (Moore–Aronszajn [8]). For every positive definite
kernelκ defined onU , there exists a unique reproducing kernel
Hilbert spaceH for which κ is the reproducing kernel.
The Moore–Aronszajn theorem establishes the fundamental
correspondence between positive definite kernels and RKHSs.
Therefore, the selection of a kernel implicitly determines the
functional space in which the unknown nonlinear function is
represented.
A complementary characterization of positive definite kernels
is provided by Mercer’s theorem.
Theorem 2 (Mercer [8]). Let κ be a continuous symmetric
kernel defined on a compact set U . Then, κ is positive definite
if and only if it admits the spectral decomposition

κ(u1, u2) =
∞∑
m=1

λmϕm(u1)ϕm(u2) , (8)

where λm ­ 0 and {ϕm} forms an orthonormal basis.
Mercer’s theorem provides the theoretical foundation for the
existence of an implicit feature representation and justifies
the kernel formulation in Eq. (6). This result constitutes the
basis of the kernel trick, which replaces inner products in
the feature space by kernel evaluations, thereby avoiding the
explicit computation of possibly infinite-dimensional feature
vectors.
In the considered nonlinear system identification problem, di-
rectly estimating the unknown nonlinear component h∗ in the
original input space is generally difficult due to its nonlinear
nature and potentially infinite-dimensional representation.
To overcome this difficulty, kernel-based learning methods
approximate g∗ in the RKHSH associated with the kernel
κ(·, ·).
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According to the reproducing property, the nonlinear compo-
nent g ∈ H satisfies

g(ϕt) =
〈
g, κ(ϕt, ·)

〉
H
. (9)

For practical implementation, the nonlinear function is ap-
proximated using a finite kernel expansion constructed from
a dictionary of L selected input samples {ϕi}Li=1, leading to

g(·) =
L∑
i=1

θ∗i κ(ϕi, ·) , (10)

where θ∗ ∈ RL is the vector of kernel coefficients associated
with the nonlinear component, defined as

θ∗ =


θ∗1
...

θ∗L

 . (11)

By defining the kernel-based regressor

Ψt =


κ(ϕ1,ϕt)

...

κ(ϕL,ϕt)

 ∈ RL, (12)

and combining the linear decomposition in Eq. (3) with the
finite kernel expansion in Eq. (10), the nonlinear system can
be expressed as

yt = ϕ
⊤
t ϑ
∗ +Ψ⊤t θ

∗ + et . (13)

Although the original system is nonlinear with respect to the
input variables, the obtained model is linear with respect to the
unknown parameter vectors ϑ∗ and θ∗. This property is fun-
damental for applying linear estimation and set-membership
identification methods to nonlinear systems through kernel-
based representations.
The resulting nonlinear system model can then be rewritten in
a form that is linear with respect to the unknown parameters:

yt = Φ
⊤
t Θ
∗ + et , (14)

where

Φt :=

[
ϕt

Ψt

]
∈ Rn, Θ∗ :=

[
ϑ∗

θ∗

]
∈ Rn , (15)

with n = m+ L.
Although the system is nonlinear in the original input space, it
becomes linear with respect to the unknown parameter vector
Θ∗ in the induced feature space, enabling the application of
linear estimation methods for nonlinear system identification.
Under the bounded-noise assumption, each observation satis-
fies ∣∣yt − Φ⊤t Θ∗∣∣ ¬ δe . (16)

The set SHt =
⋂N
i=1 BHi of all parameter vectors compatible

with the available observations defines the kernel-induced
feasible region in the parameter space, where each kernel-
induced strip BHi is given by

BHi =
{
Θ ∈ Rn :

∣∣yi − Φ⊤i Θ∣∣ ¬ δe} . (17)

Geometrically, BHt corresponds to a strip bounded by two par-
allel hyperplanes in the finite-dimensional parameter space
Rn. Although the underlying model describes a nonlinear sys-
tem represented in an RKHS, the set-membership constraint
is expressed in terms of the parameter vector Θ∗, which pa-
rameterizes the function f through a finite kernel expansion.
Since this geometric structure is identical to that in the linear
set-membership formulation, the intersection between BHt
and a previous ellipsoidal outer bound can be handled using
the same ellipsoidal outer bounding in the linear regression.
As a result, ellipsoidal outer bounding algorithm developed
for linear models can be directly extended to the kernel-based
formulation by replacing the linear regressor with its kernel-
induced counterpart.
The objective is to estimate the unknown model parameters
and the noise bound from the available input-output data
{ut, yt}Nt=1, while ensuring consistency with the kernel-
induced feasible region SHt .

3.2. Kernel-based Ellipsoidal Outer-bounding Algorithm

The proposed algorithm aims to estimate the unknown pa-
rameter vector by recursively constructing ellipsoidal sets that
contain all parameter vectors consistent with the available ob-
servations. At each iteration, the ellipsoid ξt is computed as
an outer approximation of the intersection between the pre-
vious ellipsoid ξt−1 and the kernel-induced strip BHt , such
that

ξt ⊇
(
ξt−1 ∩ BHt

)
. (18)

The ellipsoidal outer bound at time t− 1 is defined as

ξt−1 =
{
Θ ∈ Rn

∣∣∣ (Θ− Θ̂t−1)⊤P−1t−1(Θ− Θ̂t−1) ¬ ρt−1} ,
(19)

where Pt−1 is a positive definite matrix characterizing the
shape and orientation of the ellipsoid, Θ̂t−1 denotes its center
and the current parameter estimate, and ρt−1 > 0 determines
its size.
From Eqs. (18) and (19), the updated ellipsoid is computed
as

ξt =

{
Θ ∈ Rn

∣∣∣∣∣ (Θ− Θ̂t−1)⊤P−1t−1(Θ− Θ̂t−1)
+ σt

(
yt − Φ⊤t Θ

)2 ¬ ρt−1 + σt δ2e} . (20)

The explicit expressions of the updated ellipsoidal parameters
Pt, Θ̂t, and ρt are given by [22]:

Pt =
(
In −

Gt σt
1 +Gt σt

)
Pt−1 , (21)

where
Gt = Φ

⊤
t Pt−1 Φt . (22)

The updated center of the ellipsoid is obtained as

Θ̂t = Θ̂t−1 +
Pt−1Φt σt
1 +Gtσt

εt/Θ̂t−1 , (23)

and the corresponding size parameter is updated according to

ρt = ρt−1 + σt δ
2
e −
σt ε

2
t/Θ̂t−1

1 +Gtσt
. (24)
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The a priori estimation error is defined as

εt/Θ̂t−1 = yt − Φ
⊤
t Θ̂t−1 . (25)

The scalar parameter σt is computed to reduce the magnitude
of the a posteriori estimation error below the noise bound δe,
while minimizing the volume of the resulting ellipsoid

Vξt ≜ det(ρtPt) . (26)

The parameter σt is computed as

σt =



1
Gt

( |εt/Θ̂t−1 |
δe

− 1
)
, if |εt/Θ̂t−1 | > δe and Gt > 0

0, if at ­ 0

−bt +
√
b2t − 4atct
2at

, otherwise
(27)

where
at = δ2e(n− 1)G2t

bt =
(
(2n− 1)δ2e − ρt−1Gt + ε2t/Θ̂t−1

)
Gt .

ct = n
(
δ2e − ε2t/Θ̂t−1

)
− ρt−1Gt

(28)

According to the value of σt defined in Eq. (27), two cases
can be distinguished. First, when the magnitude of the a priori
prediction error satisfies

|εt/Θ̂t−1 | > δe , (29)

the algorithm focuses on reducing the estimation error. In
this case, σt is computed to decrease the magnitude of the
a priori prediction error below the noise bound δe, while
simultaneously reducing the volume of the ellipsoid.
Conversely, when ∣∣εt/Θ̂t−1∣∣ ¬ δe , (30)
the available observation is already consistent with the current
ellipsoidal estimate. Therefore, the algorithm focuses on
minimizing the volume of the ellipsoid while preserving
the consistency condition with the a priori prediction error
noise bound.
The proposed Algorithm 1 is referred as the kernel-based
EOB.
The Theorem 3 describes the behavior of the a posteriori
prediction error with respect to δe, as well as the evolution of
the ellipsoid volume Vξt .
Theorem 3. Consider the Eq. (14) and the kernel-based EOB
identification algorithm presented in Algorithm 1. Then, the
following properties hold:
• P1| If Gt > 0, then the a posteriori prediction error εt/Θ̂t

satisfies
|εt/Θ̂t | ¬ δe . (31)

• P2| The volume Vξt of the ellipsoid ξt satisfies

Vξt ¬ Vξt−1 . (32)

The proof of Theorem 3 is presented in Appendix A.

Algorithm 1 Kernel-based EOB algorithm
Input: {yt, ut}Nt=1, Θ̂0, P0, ρ0, δe, κ(·, ·), L
Output: Θ̂t

1: Construct the dictionary D = {ϕ1, . . . ,ϕL}
2: for t = 1 to N do
3: Construct the kernel regressor

Ψt =
[
κ(ϕ1,ϕt), . . . , κ(ϕL,ϕt)

]⊤
.

4: Construct the augmented regressor

Φt =
[
ϕ⊤t ,Ψ

⊤
t

]⊤
.

5: Compute ŷt/Θ̂t−1 , εt/Θ̂t−1 , and Gt.
6: Compute σt according to Eq. (27).
7: Update Pt according to Eq. (21).
8: Update Θ̂t according to Eq. (23).
9: Update ρt according to Eq. (24).

10: end for

The convergence behavior of the parameter vector estimated
by the kernel-based EOB algorithm towards the true parameter
vector is established in Theorem 4.
Theorem 4. Consider the Eq. (14) and the kernel-based
EOB identification algorithm presented in Algorithm 1. If
P = p0In, where p0 > 0, and if the sequence

{√
σtΦt

}N
t=1

satisfies the persistent excitation condition of order om ­ n,
i.e., there exist two positive constants α > 0 and β > 0 such
that, for all t ­ om,

α In ¬
om−1∑
j=0

Φt−j σt−jΦ
⊤
t−j ¬ βIn . (33)

Then, for any initial condition such that Θ0 ∈ Rn, and as
long as |εt/Θ̂t−1 | > δe, the following property holds:
• The parameter estimation error satisfies∥∥Θ̃t∥∥22 ¬ 1

p0

⌊
t

om

⌋
α+ 1

∥∥Θ̃0∥∥22 . (34)

where Θ̃t = Θ∗ − Θ̂t denotes the parameter error vector
and ⌊·⌋ denotes the floor operator and ∥ · ∥2 represents the
Euclidean norm.

The proof of Theorem 4 is presented in Appendix B.

3.3. Adaptive Estimation of the Noise Bound

The kernel-based algorithm requires prior knowledge of an
upper bound on the noise. In practice, however, this bound is
generally unknown. An inappropriate choice of this bound
may lead to either an underestimation or an overestimation,
which can degrade the identification performance.
To overcome this limitation, an adaptive recursive procedure
is proposed to estimate the unknown noise bound online.
Unlike offline approaches, the proposed strategy updates the
noise bound at each sampling instant using only the available
measurements. Therefore, the data are processed sequentially
from t = 1 to t = N .
Let δ̂t denote the estimated noise bound at time t. At each
iteration, the kernel-based-EOB algorithm is executed using
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the current noise bound estimate δ̂t−1. The value of σt is then
used to adaptively update δ̂t according to the following two
cases.
1) If σt ̸= 0, the current estimate of the noise bound is con-

sidered to be underestimated. Accordingly, the estimated
bound is increased by a positive increment ε1 > 0, ac-
cording to

δ̂t = δ̂t−1 + ε1 . (35)

where ε1 > 0 is a small positive constant.
2) If σt = 0, the estimated bound is considered to be overes-

timated, i.e., δ̂t > δe. In this case, the estimated bound is
recursively reduced. To this end, we propose to adopt a
strategy similar to those presented in [21].

From Eq. (27), the condition σt = 0 is satisfied when

ct = n
((
δ̂t
)2 − ε2t/Θ̂t−1)− ρt−1Φ⊤t Pt−1Φt ­ 0 . (36)

Consequently,

(
δ̂t
)2 ­ ε2t/Θ̂t−1 + ρt−1Φ⊤t Pt−1Φtn

. (37)

The index corresponding to the largest a priori prediction
error is defined as

J = arg max
1¬i¬t

∣∣∣εi/Θ̂i−1 ∣∣∣ . (38)

By definition of J

ε2J/Θ̂J−1 ­ ε
2
i/Θ̂i−1

, i = 1, . . . , t . (39)

Evaluating Eq. (37) at t = J gives

(
δ̂J
)2 ­ ε2J/Θ̂J−1 + ρJ−1Φ⊤J PJ−1ΦJn

. (40)

The following theorem provides a probabilistic lower bound
on the maximum a priori prediction error generated during
the recursive estimation process.
Theorem 5. Assume that the noise sequence {et} is inde-
pendent and identically distributed (i.i.d.). Let ε2 > 0 be an
arbitrarily small constant and define

B+ε2 = [δe − ε2, δe] , B−ε2 = [−δe,−δe + ε2] . (41)

If there exists a constant ∆ > 0 such that

P (et ∈ B+ε2) > ∆ , P (et ∈ B−ε2) > ∆ , t = 1, . . . , N .
(42)

then, with probability at least 1− (1−∆)N there exists an
index J satisfying

ε2J/Θ̂J−1 ­ (δe − ε2)
2. (43)

The proof of Theorem 5 is presented in Appendix C.
The i.i.d. assumption introduced in Theorem 5 is considered
solely for the theoretical analysis of the proposed noise-bound
estimation procedure.
The identification algorithm itself remains formulated within
the set-membership identification framework and does not

rely on any specific probabilistic model of the disturbance.
The proposed procedure is applied to the example systems
presented in Sec. 4.1; however, the validity of this theoretical
assumption cannot be guaranteed a priori.
Combining (40) with Theorem 5 leads to

δ2e ¬
(
δ̂J
)2 − ρJ−1Φ⊤J PJ−1ΦJ

n
+ ε2(2δe − ε2) , (44)

with probability at least 1− (1−∆)N .
Under the assumption δ̂J−1 ­ δe, the recursive reduction is
defined as

δ2e ¬
(
δ̂J
)2 − dJ , (45)

where

dJ =
ρJ−1Φ⊤J PJ−1ΦJ

n
− ε2 (2δ̂J−1 − ε2) . (46)

The adaptive update is finally given by

δ̂t =


√
(δ̂t−1)2 − dJ , dJ > 0

δ̂t−1, dJ ¬ 0
. (47)

The complete kernel-based EOB algorithm with recursive
automatic noise-bound estimation is summarized as Algo-
rithm 2.

Algorithm 2 Kernel-based EOB with recursive automatic
noise-bound estimation
Input: {yt, ut}Nt=1, Θ̂0, P0, ρ0, δ̂0, κ(·, ·)
Output: δ̂t, Θ̂t

1: for t = 1 to N do
2: Execute kernel-based EOB algorithm using δ̂t−1.
3: if σt ̸= 0 then
4: Update δ̂t according to Eq. (35).
5: else
6: Compute

J = arg max
1¬i¬t

|εi/Θ̂i−1 |.

7: Compute dJ according to Eq. (46).
8: Update δ̂t according to Eq. (47).
9: end if

10: end for
11: return δ̂t and Θ̂t

4. Numerical and Experimental Results
4.1. Simulation Results

The first benchmark experiment considers the following non-
linear system [6]:{

zt = 0.6 zt−1 + 0.2 zt−2 + 0.3 exp(ut−1)

yt = z
2
t + et

. (48)

The input signal ut is assumed to be a stationary colored
Gaussian process generated by a second-order autoregressive
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Fig. 2. Performance comparison of the proposed algorithm for
different values of β.

AR(2) model with poles located at (0.3, 0.8). The noise
sequence et is bounded by the upper and lower bound ±δe,
where δe = 0.5.
The dataset consists ofN = 4000 samples, which are divided
into two separate subsets. The first 2000 samples are used for
training the algorithms, whereas the remaining 2000 samples
are employed for evaluating their performance. This data
partition ensures that the algorithms are assessed using unseen
samples.

4.2. First Experiment

In first experiment, the objective is to evaluate the performance
of the proposed algorithm implemented using a Gaussian
kernel. The kernel parameter is set to σ = 0.7, as determined
through the performance analysis presented in Fig. 2. In
addition, the dictionary size is fixed at L = 80, based on the
analysis reported in Fig. 3.
The noise bound estimation process is performed using the
following synthesis parameters: ε1 = 10−5, ε2 = 0.25, and
δ̂0 = 2.
Figure 2 presents the variation of the mean squared error
(MSE) with respect to the kernel parameter β. It can be
observed that the MSE decreases rapidly as β increases
from 0.1 to 0.7, indicating a significant improvement in
identification accuracy. The minimum MSE is achieved at
β = 0.7. Beyond this value, the MSE remains nearly constant,
suggesting that further increasing β does not provide any
performance improvement. Consequently, β = 0.7 is adopted
in all simulations.
The influence of the dictionary size on the identification
performance is illustrated in Fig. 3. As the dictionary size
increases from L = 10 to L = 80, the MSE decreases
progressively, indicating that a larger dictionary improves
the approximation capability of the proposed algorithm. The
minimum MSE is achieved at L = 80. However, further
increasing the dictionary size results in a slight degradation of
the identification performance, as evidenced by the increase
in the MSE for L > 80. This behavior suggests that enlarging
the dictionary beyond L = 80 introduces redundant basis
functions without improving the model accuracy. Therefore,

L
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Fig. 3. Performance comparison of the proposed algorithm for
different values of the dictionary size L.

the dictionary size is fixed at L = 80 for all subsequent
simulations, providing the best identification performance.
Figure 4 illustrates the convergence of the estimated noise
bound δ̂t toward the true noise bound δe as a function of
time t. This validates the automatic noise bound estimation
algorithm proposed in Subsection 3.3. Figure 5 presents the
evolution of the a posteriori estimation error εt/Θ̂t−1 along
with the estimated noise bound δ̂t as a function of time t. It
can be observed that the estimation error remains bounded by
the estimated noise bound. This result confirms the theoretical
guarantee established in Theorem 3. Figure 6 illustrates the
true validation output yt and the corresponding estimated
output ŷt obtained on the validation dataset using the proposed
algorithm, thereby confirming Theorem 4.
To further evaluate the effectiveness and robustness of the
proposed algorithm, additional experiment were conducted
under different noise bounds, δe = 0.1, 0.5, and 1.
Figure 7 presents the evolution of the MSE as a function of
time t for different values of the noise bound δe. It can be
observed that the MSE level depends on the considered noise
bound. More specifically, the MSE obtained for δe = 0.1 is
lower than those obtained for δe = 0.5 and δe = 1. Thus,
increasing the noise bound δe results in a higher MSE level.
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Fig. 4. Convergence of the estimated bound δ̂t toward the true bound
δe.
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Fig. 5. A posteriori error εt/Θ̂t−1 and the estimated noise bound δ̂t.
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Fig. 6. True output yt and estimated output ŷt.
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Fig. 7. Performance comparison of the proposed algorithm for
different values of δe.

To further investigate the robustness of the proposed algo-
rithm with respect to the statistical characteristics of the dis-

Tab. 2. Performance comparison under different noise types.

Noise RMSE MAE VAF [%] NBV [%]

e1t 0.08325 0.058736 99.150 0.955
e2t 0.18344 0.147270 97.201 1.160
e3t 0.27885 0.230340 91.988 1.920

turbance, three noise sources with different compositions are
considered:

1) et = e
(1)
t = δe

(
9
10
nt +

1
10
bt

)
,

2) et = e
(2)
t = δe

(
5
10
nt +

5
10
bt

)
,

3) et = e
(3)
t = δe

(
1
10
nt +

9
10
bt

)
,

wherent denotes a white noise sequence uniformly distributed
over [−1, 1], while bt denotes a binary square wave signal with
a period of two samples. By varying the relative contributions
of nt and bt, these three disturbance signals allow the behavior
of the proposed algorithm to be assessed under different noise
characteristics.
The root mean square error (RMSE), mean absolute error
(MAE), variance accounted for (VAF), and number of bound
violations (NBV) were adopted as performance criteria. These
criteria are defined as follows:

RMSE =

√√√√ 1
N

N∑
t=1

(
yt − ŷt

)2
, (49)

MAE =
1
N

N∑
t=1

|yt − ŷt| , (50)

VAF =

(
1− Var(yt − ŷt)

Var(yt)

)
× 100 , (51)

NBV =
1
N

N∑
t=1

1
(
|yt − ŷt| > δ̂e

)
× 100 , (52)

where 1(·) denotes the indicator function defined as:

1(A) =

{
1, if A is true
0, otherwise

. (53)

The results reported in Tab. 2 show that, for the three con-
sidered noise distributions, the proposed algorithm achieves
high VAF values, together with relatively low RMSE, MAE,
and NBV. These results confirm that the proposed algorithm
maintains good performance across different noise distri-
butions and does not require the noise to follow a specific
distribution, demonstrating its robustness with respect to the
noise characteristics.
Figure 8 illustrates the convergence of the estimated bounds
δ̂t toward the true noise bound δe for the three considered
noise types. It can be observed that all estimated bounds for
the three considered noise types converge toward the true
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Fig. 8. Convergence of the estimated bounds δ̂t toward the true noise
bound δe for the three considered noise types.

Tab. 3. Parameter settings of the considered algorithms.

Algorithm β ε1, ε2 δ0 Complexity

Kernel-based
EOB 0.7 ε1 = 10−5,

ε2 = 0.25
2 O(L2)

KEOB 0.5 − - O(L2)
SM-KRLS 5.1 − - O(L2)

bound δe, confirming the effectiveness of the proposed bound
estimation procedure.

4.3. Second Experiment

The objective of the second experiment is to compare the
proposed algorithm with existing ellipsoidal algorithms for
nonlinear systems: KEOB [20] and SM-KRLS [6]. For a fair
comparison, the parameter settings reported in [20] and [6]
are adopted for the corresponding methods. The dictionary
size is fixed to L = 80 for the proposed kernel-based EOB
and KEOB, whereas the dictionary construction is used for
SM-KRLS. The same data, noise conditions, and performance
metrics as those used in the first experiment are adopted for
all considered methods to ensure a consistent and fair compar-
ison. The resulting hyperparameter settings are summarized
in Tab. 3.
To evaluate and compare the performance of the three al-
gorithms, 100 independent Monte Carlo simulations were
conducted under identical experimental conditions.
Figure 9 illustrates the evolution of the MSE computed on the
validation data over time. It can be observed that the proposed
algorithm achieves the lowest MSE compared to the KEOB
and SM-KRLS algorithms.
Table 4 summarizes the performance comparison between the
proposed algorithm and the KEOB and SM-KRLS algorithms.
The results demonstrate that the proposed algorithm achieves
the best overall performance across all evaluation metrics.
Specifically, KB-EOB provides the highest FIT and VAF

t
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KEOB

Fig. 9. Evolution of the MSE over time t.

Tab. 4. Performance comparison of the considered identification
algorithms.

Metric Kernel-based
EOB KEOB SM-KRLS

FIT [%] 91.731 88.590 76.263
RMSE 0.2871 0.3400 0.4156
MAE 0.1986 0.2468 0.3185

VAF [%] 94.529 91.313 84.812
NBV [%] 1.6633 3.840 27.663

values, reaching 91.731% and 94.529%, respectively, while
also achieving the lowest RMSE, MAE, and NBV values.
Figure 10 illustrates the evolution of the logarithmic volume
ratio log10 (Vξt/Vξ0) over time for the proposed algorithm
and the KEOB. For the SM-KRLS algorithm, the size of the
ellipsoid is not available in [6]. The logarithmic volume ratio
decreases progressively, indicating a continuous reduction
in the ellipsoid volume. Moreover, the proposed algorithm
achieves a smaller ellipsoid volume than KEOB, resulting in
a tighter parameter uncertainty set.

4.4. Third Experiment

In the third experiment, we focus on the identification of
a model for nitrogen dioxide (NO2) concentration in Paris,
along the section between Porte de la Chapelle and Porte de
Bagnolet (Chap-Bagn), using the proposed algorithm. Due to
the complex and nonlinear interactions between air-quality
and meteorological variables, the data are considered within
a nonlinear system identification framework.
The data used in this experiment are obtained from open-
access air-quality datasets provided by the Air Quality Obser-
vatory in the Île-de-France region.1

A total of N = 7 × 103 samples are available for this
experiment and are divided into two distinct datasets. The
first 3.5× 103 samples are used for training the algorithm,

1https://data-airparif-asso.opendata.arcgis.com
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Fig. 11. The estimated bound δ̂t as a function of t.

while the remaining 3.5× 103 samples are used to validate
its performance.
The value of β is set to 0.7, with a dictionary size of L = 80.
The noise bound estimation process is performed using the
following synthesis parameters: ε1 = 10−5, ε2 = 0.25, and
δ̂0 = 2.
Figure 13 presents the converegence of the estimated noise
bound. Figure 12 shows that the estimated concentration
(red line) closely converges to the observed concentration
(black line) over the validation data. Figure 10 illustrates the
evolution of the logarithmic volume ratio log10 (Vξt/Vξ0)
over time.

5. Conclusions

This paper proposed a recursive kernel-based ellipsoidal
outer-bounding algorithm for nonlinear system identifica-
tion under unknown but bounded disturbances. By combin-
ing kernel learning with the set-membership identification
framework, the nonlinear identification problem was trans-
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Fig. 12. Concentration of NO2 from January to October 2025:
process output (black line) versus estimated output (red line).
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Fig. 13. Logarithmic volume ratio log10 (Vξt/Vξ0) as a function of
t.

formed into a linear regression problem in a reproducing
kernel Hilbert space, enabling recursive parameter estimation
with guaranteed bounded-error properties.

A recursive data-driven procedure was introduced to jointly
estimate the unknown disturbance bound and the model
parameters, eliminating the need for prior knowledge of
the noise level. Furthermore, a minimum volume ellipsoidal
uncertainty region was recursively constructed to provide
a compact representation of the feasible parameter set. The
convergence properties of the proposed algorithm were also
established theoretically.

Simulation results on nonlinear benchmark systems demon-
strate the effectiveness of the proposed algorithm. Compared
with existing kernel-based ellipsoidal algorithms, the pro-
posed method achieves improved identification accuracy,
more accurate disturbance-bound estimation, and fewer bound
violations. Future work will focus on developing an adaptive
strategy for improving dictionary selection.
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Appendix A: Proof of Theorem 3

Proof. To prove P1| , we first premultiply Eq. (23) by Φ⊤t
and substitute the resulting expression into Eq. (25), which
gives

εt/Θ̂t =
1

1 +Gtσt
εt/Θ̂t−1 . (54)

The result is established by considering the following two
cases.
1) If |εt/θ̂t−1 | > δe, using Eq. (27) in Eq. (54) yields

|εt/Θ̂t | = |εt/Θ̂t−1 |
∣∣∣∣ δe
εt/Θ̂t−1

∣∣∣∣ = δe . (55)

2) Otherwise, if |εt/θ̂t−1 | ¬ δe, it follows from Eq. (27) that
σt ­ 0, and hence

0 <
1

1 +Gt σt
¬ 1 . (56)

Substituting this result into Eq. (54) gives

|εt/Θ̂t | ¬ |εt/Θ̂t−1 | ¬ δe . (57)

Therefore, in both cases, |εt/θ̂t | ¬ δe, which proves P1|.
To prove property P2, three cases are considered.
1) If |εt/θ̂t−1 | > δe, then Eq. (27) implies σt ­ 0.

Applying the matrix inversion lemma to Eq. (27) gives

P−1t = P
−1
t−1 +Φt σt Φ

⊤
t , (58)

which yields Pt ¬ Pt−1.
Moreover,

ρt = ρt−1 + σt
(
δ2e − |εt/Θ̂t−1 ||εt/Θ̂t |

)
. (59)

Since |εt/θ̂t | = δ, we obtain ρt < ρt−1, and consequently,
Vξt < Vξt−1 .

2) If |εt/θ̂t−1 | ¬ δ and ct < 0, the volume ratio is expressed
as

Vξt = H(σt)Vξt−1 , (60)

where

H(σt) =
1

1 +Gtσt

ρt−1 + σtδ2e − σtε
2
t/Θ̂t−1
1+Gtσt

ρt−1


n

. (61)

Since

dH(σ)
dσ

∣∣∣∣
σ=0

= ct < 0 , lim
σ→+∞

dH(σ)
dσ

= +∞ . (62)

H(σ) admits a unique minimizer σt. Therefore,H(σt) <
1, which gives Vξt < Vξt−1 .

3) If |εt/θ̂t−1 | ¬ δe and ct ­ 0, then σt = 0. Hence

Pt = Pt−1 , ρt = ρt−1 , (63)
and therefore, Vξt = Vξt−1 .

This completes the proof.

Appendix B: Proof of Theorem 4

Proof. First, consider the Lyapunov function

Vt = Θ̃⊤t P
−1
t Θ̃t . (64)

Using the parameter update equation and the expression of
the parameter error, we obtain

Vt = Vt−1 +Qt , (65)

with

Qt = Θ̃⊤t ϕ̂tσtΦ
⊤
t Θ̃t − 2Θ̃⊤t Φtσtεt/Θ̂t −Gtσ

2
t ε
2
t/Θ̂t
. (66)

where from Eqs. (54) and (27),

Qt ¬ σt
((
εt/Θ̂t − Φ̂

⊤
t Θ̃t

)2 − δ2e) ¬ 0 . (67)

HenceVt ¬ Vt−1 which implies

Θ̃⊤t P
−1
t Θ̃t ¬ Θ̃⊤0 P−10 Θ̃0 . (68)

Moreover, since

P−1t = P
−1
t−1 + Φ̂tσtΦ̂

⊤
t , (69)

the persistent excitation condition yields

P−1t ­ P−10 +
⌊
t

om

⌋
αIn . (70)

Combining the above inequalities establishes the boundedness
and convergence properties of the parameter estimation error
stated in the theorem.

Appendix C: Proof of Theorem 5

Proof. From Eq. (14) and the definition of the parameter
estimation error, the a posteriori prediction error can be
expressed as

εt/Θ̂t = Φ
⊤
t Θ̃t + et , (71)

To characterize the cases where the prediction error reaches
the noise bound, we introduce the following events:

E−t =
{
et ∈ I−ε2 , Φ

⊤
t Θ̃t ¬ 0

}
, (72)

E+t =
{
et ∈ I+ε2 , Φ

⊤
t Θ̃t ­ 0

}
. (73)

Let
Et = E−t ∪ E+t ,

and denote its complementary event by Ect .
Since the noise sequence {et} is assumed to be independent
and identically distributed, et is independent of the estimation
error term Φ⊤t Θ̃t. Moreover, for sufficiently small ε2, the
events E−t and E+t are mutually exclusive. Therefore

P (Et) = P (E
−
t ) + P (E

+
t ) . (74)
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Using the independence assumption gives

P (Et) = P
(
et ∈ I−ε2

)
P
(
Φ⊤t Θ̃t ¬ 0

)
+ P

(
et ∈ I+ε2

)
P
(
Φ⊤t Θ̃t ­ 0

)
.

(75)

According to Eq. (42)

P
(
et ∈ I−ε2

)
­ ∆, P

(
et ∈ I+ε2

)
­ ∆ . (76)

Hence
P (Et) ­ ∆P

(
Φ⊤t Θ̃t ¬ 0

)
+∆P

(
Φ⊤t Θ̃t ­ 0

)
= ∆ ,

(77)

which immediately implies

P (Ect ) ¬ 1−∆ . (78)

We next evaluate the probability that none of these events
occurs during the N observations.
By the chain rule of conditional probabilities

P

(
N⋂
t=1

Ect

)
=
N∏
t=1

P

(
Ect

∣∣∣∣∣
t−1⋂
k=1

Eck

)
. (79)

Since the noise sample et is independent of all previous
observations and events

P

(
Ect

∣∣∣∣∣
t−1⋂
k=1

Eck

)
¬ 1−∆ . (80)

Therefore

P

(
N⋂
t=1

Ect

)
¬ (1−∆)N . (81)

Taking the complementary event yields

P

(
N⋃
t=1

Et

)
= 1− P

(
N⋂
t=1

Ect

)
­ 1− (1−∆)N . (82)

Consequently, with probability at least 1− (1−∆)N , there
exists an instant t ∈ {1, . . . , N} for which Et occurs. By the
definition of Et, the prediction error necessarily satisfies

ε 2t/Θ̂t ­ (δe − ε2)
2 , (83)

which completes the proof.
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